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1 Introduction 

In [55], Kim and Cho defined the following multiple q-L-function: 




They also suggested the following question: "Is it possible to give p-adic analogue of (TIP which can 
be viewed as interpolating, in the same way that L Pj9 (s,x) interpolates L q (s,x) * n J*ffi - \27^ ?" . 
This question was answered positively by authors in [7] by constructing the following two variable 
p-adic meromorphic function: 



L p} q ( s > z >X) = J^W— — " xfaiH ha r )(aiH \-a r +p*z) q 

1 J « ft (s-j) a u ...,a r =l 

j=l (»i + - + a r ,p)=l 



— s+r 



m— 



r — s 
m 



V f r S \ja 1 +~+a r +p*z)m I ^% \ a{r) (2) 

\ m l q \ [ ai + ... + ar+p * z ] p m, q v 
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The purpose of this paper is to give further properties of the function L p / q (s,z,x) as wen as 
applications related to Kummer-type congruences for multiple q-Bernoulli polynomials. 

Kubota and Leopoldt [31) proved the existence of meromorphic function L p (s, x)i defined over 
p-adic number field. L p (s,x) is defined by [TU] 

M*,x) = £ ^1 = {1-X(P)P- S )L(S, X ), 

n—1 

( n , P ) = i 

where L (s, x) is the Dirichlet L-function. L p (s, x) interpolates the values 

L p (1 -n, X ) = ~ (1 - Xn (P)p n ^) B n<Xn 

for n G Z, n ^ 1, where B n>x denotes the generalized Bernoulli numbers associated with the 
primitive Dirichlet character x> an d Xn = X w ~" with lj being the Teichmiiller character (cf. [9], 

D3SI, D2I. DSI, D3» CT, 1319, BU. 03)- 

In [111 112] . Fox derived a meromorphic function L p (s, z, x)i which is the two- variable extension 
of the function L p (s,x)- Kim [25) constructed L p , q (s, z,x), which serves as a q-extension of 
L p (s, z, x)- In [Z], the authors defined the multiple p-adic q- L-function of two variables L p r ) q (s, z, x), 
which stands for the higher order generalization of Kim's L PiQ (s, z, x)- 

Ferrero and Greenberg [10] evaluated the value (d/ds) L p (0, x)- In 02], Young gave an extension 
of this value by using p-adic L-function of two variables L p (s, z, x) under some restrictions on the 
character x- Fox 12] derived a formula for (d/ds) L p (0, z, x) without any restrictions. Kim [25] 
evaluated the value (d/ds) L PjQ (0, z, x), which is the q-extension and two- variable extension of the 
result found by Diamond [9] and Ferrero and Greenberg [10]. The authors [7] obtained a formula 
for (d/ds) L p } q (0, z, x), which generalizes the results of Kim [25] [27], Fox [12], Diamond [9] and 
Ferrero and Greenberg 10J. Further extensions for the value (d/ds) L p (0, x) can be found in [15] . 

In recent years, many mathematicians and physicists have investigated zeta functions, multi- 
ple zeta functions, L-functions and multiple q-Bernoulli numbers and polynomials because mainly 
of their interest and importance. These functions and polynomials are used not only in Complex 
Analysis and Mathematical Physics, but also in p-adic Analysis and other areas. In particular, mul- 
tiple zeta functions and multiple L-functions occur within the context of Knot Theory, Quantum 
Field Theory Applied Analysis and Number Theory (see [15], [2T], [22], [S^, [32], [33], 00]). 

The object of the present sequel to earlier work [7] is to derive several properties and applications 
of the multiple p-adic q-L-function of two variables L p r q (s,z,x)- We first give a brief summary 
for zeta and Dirichlet L-functions and related concepts in preliminary section. In Section 3, we 
review the definition and construction of the multiple q- L-function of two variables and its p- 
adic analogue. We also find explicit formulas relating higher order q-Bernoulli polynomials, which 

involve sums of products of (} q ^ (— n, z\ H V z T ) and L q r) ( —n, z\ H h z r , x) f° r integer n ^ 0. 

In Section 4, we evaluate the value L p r )j (r, z, x) f° r a positive integer r explicitly from which the 
value L p>q (1, z, x) given by Kim [25] is an immediate consequence. In final section, we purpose to 
derive Kummer-type congruences for multiple generalized q-Bernoulli polynomials making use of 
the difference theorem of L p r ) q (s, z,x) and its consequence, which are already proven in [7]. These 
congruences are generalizations of the congruences given by [3J , [6] , [11] , [13l [14] , [16] , [20] , [35] . 
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2 Preliminaries 



In complex number field C, the Bernoulli numbers B n are defined by means of the generating 
function 

j- 00 j-n 

= — = ]>>„-, (|t|<Jhr). 

n=0 

{B n } is the sequence of rational numbers first considered by Jacob Bernoulli in the study of finite 
sums of a given power of consecutive integers. It follows from the generating function definition 
that 

1 f f 

Bn = 1, B% = —-. B 2 — -, B 3 — 0, £4 — — — , . . . , 

and i?2fe+i = for fc G Z, k ^ 1. For an indeterminate 2, Bernoulli polynomials i? n (2) are defined 
by 

4- °° 4-71 

F (z, t) = = B n (z) -, (\t\ < 2tt) . 

One of the curious facts about Bernoulli numbers and polynomials is the relation between the 
Riemann zeta and the Hurwitz (or generalized) zeta functions. 

Theorem 1 (fT$) For every integer n ^l, 

/-a ^ B n , B n (z) 

Q (1 — n) = and f (1 — n, z) — , 

n n 

where £ (s) and £ (s, z) are the Riemann and the Hurwitz (or generalized) zeta functions, defined 
respectively by 

00 

_ . y L 

= 1 m=0 y ' 

with s G C, Re (s) > 1 and z£C with Re (z) > 0. 



C( s ) = Y] — and(,(s,z) 



For n £ Z, n ^ 1, a Dirichlet character to the modulus n is a multiplicative map x : Z ^ C 
such that x i a + n ) = X ( a ) f° r all a G Z and \ ( a ) — if ( a > n ) 1- Since a*^™-* = 1 (modn) for 
all a such that (a, n) = 1, X ( a ) must be the root of unity for such a. If x is a Dirichlet character 
to the modulus n, then for any positive multiple to of n, we can induce a Dirichlet character ip to 
the modulus m according to t/» (a) = x (a) if (o, to) = 1 and "0 (1) = if (a, to) 7^ 1. The minimum 
modulus n for which a character x cannot be induced from some character to the modulus m, 
to < n, is called the conductor of Xi denoted by / = f x . Throughout, it will be assumed that 
each x is defined to modulo its conductor. Such a character is said to be primitive. For primitive 
Dirichlet characters x and "0 having conductors f x and , respectively, the product x^ is defined 
by xV" ( a ) — X ( a ) V' ( a ) f° r all a G Z such that (a, f x fy) — 1. The character x = I, having 
conductor /1 = 1 is called the principle character. 

Among various generalizations of Bernoulli numbers and polynomials, generalization with a 
primitive Dirichlet character x has a special case of attention. 

Definition 2 (115}/. \4®V ) For a primitive Dirichlet character x having conductor f G Z, / 1, 
the generalized Bernoulli numbers B n ^ x and polynomials B n _ x (z) associated with x are defined by 

a=l ' n=0 ' v J 

a=l n=0 ' ^ ^ 

respectively. 
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Note that the classical Bernoulli numbers are obtained when x = 1) i n that B n ^\ = B n if n =/= 1 
and J5i : i = —B\. The generalized Bernoulli numbers and polynomials can be expressed in terms 
of Bernoulli polynomials as 



a=l 
f 

B n , x {z) = f n - x Y,x{a)B, 

a=l 




Given a primitive Dirichlet character Xi having conductor /, the Dirichlet L-function associated 
with x is defined by ([J, [33] ) 

X(m) 



rn — 1 

for s e C, Re(s) > 1. It is well known [35] that L(s,x) may be analytically continued to the 
whole complex plane, except for a simple pole at s = 1 when x = 1, in which case the Riemann 
zeta function, C( s ) — ^( s j1) is obtained. The generalized Bernoulli numbers share a particular 
relationship with the Dirichlet L-function, in that 

L{l-n, X ) = - B ^ 
n 

for n € Z, n ^ 1. 

For r 6 Z, i' ) 1, the Bernoulli numbers Bn ^ and polynomials (z) of order r (also called 
the multiple Bernoulli numbers and polynomials, respectively) may be defined by means of [34[ 
Chapter 6] 

^ * n— 

F {r) M = e* = 5>M(z)ip (| f | <27r) 

respectively. For r = 1, the classical Bernoulli numbers and polynomials are obtained. 

Let x be a Dirichlet character of conductor /. In [16] . the multiple generalized Bernoulli numbers 

(r) 

Bn/ X attached to x & re defined by 

F(r)(t) _ ^ x(ai + --- + ar)^+-+^ _f^ M t n ( 2k 

oi,...,a r =l v ' n=0 v J 

for r G Z, r 1. For an indeterminate z, the multiple generalized Bernoulli polynomials -B^x ( z ) 
attached to x are naturally given by 

oi,...,Or=l ^ ' "=0 V J 

It can be readily seen that 

= £ x( ai + --- + a r )^)( ai + ' f - + a ' 

Oi,...,O r =l ^ 
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and 



ai,...,o r =l 



Throughout this paper, p will denote a prime number, Z p , Q p , Q p and C p will be used to 
represent, respectively, the p-adic integers, the p-adic numbers, the algebraic closure of Q p and the 
completion of Q p with respect to p-adic absolute value |-| , which is normalized so that \p\ = p^ 1 . 

On C p , the absolute value is non- Archimedean, and so for any a, b G Cp, |a + b\ p < max j |a| p , H p j- 
We denote a particular subring of C p as 



{« 



fl= aeC„: loL € 1 



If z £ C p such that \z\ ^ IpI p \ where m G Q, then z G p m i?, and this can be also written as 
z = 0(modp m R). 

Let p* = 4 if p = 2 and p* = p otherwise. Note that there exists 4>(p*) distinct solutions, 
modulo p*, to the equation x^ p ' — 1 = 0, and each solution must be congruent to one of the 
values a G Z, where 1 ^ a ^ p*, (a,p) = 1. Thus, given a G Z with (a,p) = 1, there exists a unique 
uj (a) G Z p , where lo (a)^ p = 1, such that uj (a) = a (modp*Z p ). Letting uj (a) = for a G Z such 
that (a,p) ^ 1, it can be seen that u is actually a Dirichlet character having conductor f u = p*, 
called the Teichmiiller character. Let (a) = uj^ 1 (a) a. Then (a) = 1 (modp*Z p ) (see also [15], [25] . 

02], 031)- 

For the context in the sequel, an extension of the definition of the Teichmiiller character is 
needed. If z G C p such that \z\ ^ 1, then for any a G Z, a +p*z = a (modp*R). Thus, for z G C p , 
z| p < 1, w (a + p*z) = u> (a). Also, for these values of z, let (a + p* z) = uj^ 1 (a) (a + p*z) (see [TT] . 

g-extensions of Bernoulli numbers are first studied by Carlitz [2] . The corresponding numbers 
are called as q-Bernoulli numbers, denoted by (3 n ,q, and defined by means of the symbolic formula 

0O,q = ~, -, (qPq + 1)" - Pn,q = 5n,l, 

logq 

with the usual convention about replacing (3 q by [3j. q and 5 n ^\ is the Kronecker symbol (cf. [4], 

El, [18], [19], [23], [39]). Note that, lim/3 ra g = B n , the classical Bernoulli numbers. (/-Bernoulli 

■i 

polynomials (z) are defined by (cf. [TU], [23] ) 

Pn, q (z) = ( q z (3 q + [z] q y = x: (? [z] r fe 

1 - q z 
,q 1-q' 

When talking about g-extensions, q can be variously considered as an indeterminate, a complex 
number q G C or a p-adic number q G C p . If g G C, we assume that \q\ < 1. If q G C p , then 
|1 — q\ p < |i?| P = p -1 /^ -1 ). Thus, for |sc| ^ 1, we have q x = exp (xlog p q), where log p is the 
Iwasawa p-adic logarithm function (see [15]). 

For q G C, \q\ < 1, Kim [25j gave generating functions of q-Bernoulli numbers and polynomials 
respectively by 

oo oo n 

t'o nl 

oo 



k=0 

where 

- 



i — — ' j.n 



5 



for \t\ < 1. For a Dirichlet character \ with conductor /, the generalized g-Bernoulli numbers and 
polynomials associated with \ are defined by the rules 

oo oo n 

F q ,x(t) = -t$>(n)g n eK* = £&, giX -_ 

n— 1 n=0 

oo oo n 

n=l n=0 

for |t| < 1, respectively (cf. [25]). From these formulas, it can be easily obtained that 



Pn.q.x ( z ) 



fc=0 

The generalized (/-Bernoulli numbers and polynomials can be expressed in terms of (/-Bernoulli 
polynomials as 

a=l ^•'^ 



a=l 



/ 



3 Multiple g-L-Function of Two Variables and its j>adic 
Analogue 

This section is devoted to recall the multiple g-L-function of two variables Lq (s,z,x), and 
its p-adic analogue Lp) q (s, z,x) which were introduced in [7]. We also summarize the analytic 
continuation, special values and explicit formulas for these functions. 

(r) 

For r £ Z, r 1, the multiple g-Bernoulli numbers p^'q and the multiple g-Bernoulli polynomials 
fln}q {z), are defined respectively by means of the generating functions (cf. [53]) 

oo oo n 

(t) = Hf J2 q ^+-+-r e ln 1+ - + n r]q t = J2 



m ,.. . ,71^=0 n— 

and 

OO OO 

F« (z, t) - (-if £ g*+nx+-+» re [.+» 1 +- + » r ],t = £ ^r) (z) L. (3) 
ni,...,n r — n— 

for \t\ < 1. The complex analytic multiple g-zeta function was defined in [24 as follows: 

Definition 3 For stC, Re (s) > r and zeC, i?e (z) > 0, the multiple q-zeta function ^ q r ^ (s, z) 
is defined by means of 

-'• qZ+mi-\ hm r 



tf } (''*) = E r + + I 1- 
n z + miH hm r 
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For sgC, the following integral representation was obtained by Kim 

oo 

C< r) (^) = / t°- l - r F^{z-t)dt 



o 

oo 



1 r 

J2 q z+m l +-+m r _J_ / t s-l e -[z+ mi +-+ mr ] q t dt 

„. _n " ( S ) J 



r( s ) 

mi,...,m r =0 q 

This integral representation yields the following assertion: 
Theorem 4 ([241) For n € Z, n > and r € Z, r > 1, 

(n + l)/"+™ 1 j ' 
where (n) r is the Pochhammer symbol defined by 

(n) — 1 and = n (n + 1) • • • (n + r — 1) . 

For a Dirichlet character the multiple generalized g-Bernoulli numbers (3 n q x are defined by 

(cf. EO. EH)) 

/ oo 

fM(t) = (-t) r £ X(ai + --- + a r ) ]T g ai+fcl/+ - +a " +fc - / e [ai+fel/+ - +a '- +fe '' /1 ,* 

oi,...,o r =l fci,...,fe r =0 



(-t) r J2 X(ni + --- + n r )q ni+ - +n -e [ni+ - +n ^^ 

n\ , . . ..n r — 1 
x ±n 



For an indeterminate 2, this definition can be expanded in order to define the multiple generalized 
g-Bernoulli polynomials /3n,l,x ( z ) as follows (cf. [7]): 

/ 

a± ,...,a r = l 

oo 

x ^+ai+fei/+"-+a r +fe r / e [ 2 +ai+fei/+---+a r +fe r /] g t 
fei ) ...,fe r =0 

oo 

= Hf E X (ni + --- + n r )q z+ni+ - +n '-e^ +ni+ - +n ^ t 

n\ ,...,n r =l 

= f>£L(*)S- (4) 

n=0 

From and ([3]), it readily seen that 

m,A*)=[f]r e x(ai+- +ar )^( z+ffli+ .- +or ). (5) 

oi,...,o r =l V / / 

The multiple Dirichlet g-L-function of two variables is given by the following definition: 
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Definition 5 (Vfj) For s S C, Re (s) > r, z G C, Re (z) > and a Dirichlet character x, the 
multiple Dirichlet q-L -function of two variables L q r ^ (s, z, x) * s defined by means of 

Ly(s,z,x)= 2^ r - : — i — t — r* ■ 

^ „ z + miH hm r 

mi,...,m r =u L J( ? 

Special values of L q (s, z, x) are given by the following theorem: 
Theorem 6 For n G Z, n cmc? r 6 Z, r ^ 1, we ftawe 

Proof. The proof of this theorem was given in [7] by using complex integration. Here, we give 
another proof. 

Writing m, = a, t + fcj/ with a, = 1, 2, ... , /, fcj = 0, 1, 2, . . ., where i = 1, . . . , r, 
mi ,...,m r =o [^ + m 1 + - + m r ] q 

/ oo 

E E x(ai+fci/ + --- + a r + A ;r /)^+ ai + fc ^+-+ Q -+' £ ^ 

ai,...,o r = l fc 1 ,...,fe r =0 

x [z + ax + + • ■ • + a r + fc r /]" 

/ -v z+Q1+ ... +a 



J] X(ai + --- + a r ) 



-+feiH \-k r 



ai,...,a r — 1 fei,...,fc r =0 

z + ai H h a r 



f 

By Definition [31 last expression equals 



kx + ■■■ + k r 



[f] n q 

qf 



L^(-n,z, x ) = [f] n q £ X (ax + -- + a r )C^(-n, Z -±^ 



ai ,...,a r =l 

Making use of Theorem QJ we get 



1 r ai... . ,a r — 1 



Now, utilizing equation ([5]) (with n > — > n + r) we obtain 



the desired result. ■ 

In p~7l [21] , Kim gave closed expressions for the sums of products of g-Bernoulli numbers and 
generalized g-Bcrnoulli numbers. Using these sums, we have nested sums over combinations of 
multiple g-zcta function and multiple q-Dirichlet i-function as follows: 
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n + r \ /n + r- iu t n + r — i\ — 12 — • ■ ■ — i r _i 
ii,... ,i r M fci J \ k r -i 



Theorem 7 We have 

1 + jr i!,...,i r >0 

+ — +<r=»+r 

n+r — ii n+1 — — 82 n+r-ii— i 2 i r _i 

x E E E 

fei=0 fe 2 =0 fc r _ 1= 

xfe+ii,? ( z i)/3fc 2 +«2,? O2) ■ ■•/3*,_ 1 -H r _ 1) g (*r-i) Ar,« (g - 1) r_1 , 
and 

^ ' r ai ,...,a r = l i 1 ,...,i r >0 

n+r— ii n+) — ii— »2 n+r— ii— i 2 i r -i 

E ••■ E 

fci=0 k 2 =0 fc r _i=0 



i 1 j • • • i irj V ^1 / V ^1 — 1 



: ) («' - 1)' 



X Pk 1 +i 1 ,qf I 1 I Pk 2 +i 2 ,q f I 1 I " ' Pfe r _i+i r _i,g/ 
X& r , g / I T" 

Proof. By using the formula of Kim [T7] 

7i+r—i 1 n+r—i 1 —i 2 71+1 — H— «2 ir-l 

0&(* + -+*-) = E E E ••• E 

ii,...,i r ^0 fci=0 fc 2 =0 fe,._ 1= 
>l+---+i r =ti+r 

n + r \ /n + r — /n. + r — ii — £2 — • • • — V-i 

ii,...,i r ) \ ki J \ fc r -i 



(6) 



xp kl +i lt q (zi)p k2+l2 ^ (z 2 ) • --Av-i+V-i,? (z r -l) /?i r ,g (z r ) (q - 1) 1 



fciH hfc r _i 



and Theorem |H we obtain the first formula. The second formula follows from ([6]), (O and Theorem 

ED ■ 

Let F G Z, F > 1. and 



gZ+miH h»n r 



EM( S , Z :« b ...,a r |F)= £ 

mjSa^modF) 

be the multiple partial g-zeta function (cf. [7]). For rrij = dj + n.jF, j = 1, . . . , r, it can be written 
that 

00 „z+ai+niFH \-a r +n r F 

H^(s,z: ai ,...,a r \F) = £ 



„ \z + a\ + riiF + ■ ■ ■ + a r + n r F] n 

ni,...,n r — h 
(g ) 

ni) ...,„.=0 [^[ '^V ■ + °- +ni + -- + n r ]; 
[F] _s C ( f (s Z + Ql H h Qr 



E 
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Thus, the function H q r) (s, z : ax, . . . , a r \F) is a meromorphic function for s S C with poles at 
s = 1, 2, . . . , r and for s = — n, n 6 Z, b ) 0, it is obvious that 



n At) 



HjfH-n,z: ai ,...,a r \F) = [F} n q £ 



-n, • 



z + ai + • • • + a r 
F 



[F] n (" 1 ) r p( r ) (z + ai + --' + a, 



F 



(7) 



Let F be a positive integer multiple of the conductor /. The multiple Dirichlet q-L-function of 
two variables Lq (s, z, \) is given in terms of Hq (s, z : oi, . . . , a r \F) as (cf. [7J) 



L\ r) {s,z,x)= J2 x(ai + --- + a r )H^(s,z:a 1: ...,a r \F) 



ai,... : a r = l 



For n € Z, n ^ 0, 

x) 



E x(aH ho r ) i^ r) (-n, z : 01, . . -,a r \F) , 



ai ,. . . ,a r — 1 

thus from ([7j), it can be written that 



4 r) (-n,*,x) = 7 ^[F£ E x(a 1 + - + a P )/3W. |flJ 



(n + l) r 
By substituting the expansion 



ai , . ..,a r =l 



z + a± + ■ ■ ■ + a r 
F 



(8) 



(r) 

n+r 1 q F 



z + ai + ■ ■ ■ + a r 
F 



E 

fc=0 



n + T \f3(r) k(z+ ai + ---+a r ) 

k r k '" Fq 



z + ai + • • • + a r 



n+r — k 



of multiple g-Bernoulli polynomials on the right of (JSj) , the equation 

F 



L q r H-n,z, X ) 



(-If 
(n + 1), 



[F] q r ^2 x(«iH 'ta r )[z + al^ ha r ]™ 



ai ,. . . ,a r — 1 



n + r A/9M n k(z+ax+-+a r ) 



z + ai + • • • + a r 



can be obtained. Last equation yields 

1 1 



4 r) ( s > z >x) 



r n , - E X{ai + ■ ■ ■ + a r )[z + ai + ■ ■ ■ + a r ] q 

1 J « I! («-j)ai.-.Or=l 



E 



2 + ai H h a r 



which can be used to construct the p-adic analogue of the function Lq (s, z, x) (cf- [7]). 

Let q £ C p with |1 — q\ p < For an arbitrary character x and n G Z, let x„ = 

in the sense of product of characters, where uj being the Tcichmiillcr character. Also, let (a) 



X^ 
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u> 1 (a) [a] . Then (a) q = 1 (modp*R). If z 6 C p , |z| ^5 1, then for any a £ Z, it can be written 
that (a + p*z) = w _1 (a) [a + p*z] ? so that {a+p*z) q = 1 (modp*R) for z 6 C p , |z| < 1 (cf. [5], 

H, EH]. ESI, fel)- 

Let 

oo 

Aj ( X ) = a n,jX n , 
n=Q 

a nj j 6 C p , j = 0, 1, . . . , be a sequence of formal power series, each of which converges in a fixed 
subset 

D={s€C p :\s\ p <\p*\; 1 p-^-V} 

of C p such that a n j — > a n! o as j — ► oo for all n, and for each s G -D and e > 0, there exists 
no = no (s, e) such that 



< e 

p 



for all j. Then, lim Aj (s) = Ao (s) for any s G D. This fact was used by Washington [41] to 

j-HX) 

construct the p-adic equivalent of Dirichlet L- function L (s, %). 

By making use of this method, the authors [7] constructed the multiple p-adic g-L-function of 
two variables as follows: 



L pJi{s,Z,x) = 77^ — x(ai + --- + a r )(a 1 + --- + a r +p*z) q s+r 

1 lq n (s-j) a u ...,a T =l 

jJl (ai + -+«r,P)=l 



f- S + r \o(r) k(a 1 + -+a r + P 'z) ( [£\q ] (g] 



oo 

X 



A: / *•« \ [&! + ■• - + a r +p*z 

fc— o \ y / 

where F is a positive integer multiple of p* and the conductor / of x- The analytical properties 
and analytic continuation of L p } q (s,z,x) are given by the following theorem ([7]): 

Theorem 8 Let F be a positive integer multiple of f and p* , and L p ) q (s, z, x) be defined as 
Then, L p r } q (s,z,x) * s analytic for z G C p , \z\ p ^ 1, provided s G D, except s = 1,2, ... ,r when 
X = 1, and meromorphic with simple poles at s — 1,2,. . . ,r when x = 1. Furthermore, for each 
n G 1, n ^ 0, 

L p) q Z, X) = ^ {pnlr,q,Xn+r (P* Z ) ~ Xn+r (P) \p]q Pn+r,qv tXn +r • 

In next sections, we will consider some properties and applications of the function L p ) q (s, z, x)- 

4 The Value of Lp} q (s, z,x) at s = r 

In this section, we evaluate the value L p r )j (r, z, x) for a positive integer r. 
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Theorem 9 Let x be a Dirichlet character of conductor f and let F be a positive integer multiple 
of f and p* . Then for r£Z, r)l, 

11 F 

I$ q {r,z,x) = Tpvr 7— 1V x(ai + ---+a r ){-f3 ( ^ ) qF log p {a 1 + --- + a r +p*z) q 

' J? ^ ai,...,o r =l 

(„! + .. . + a r ,p)=l 

V flH Jf(ai+-+a r +P**) [ [^9 

t^r k \[a 1 + --- + a r +p*z} qj 

Proof. It follows from (J9j) that 



J 9 Ol) ...,o r =i n (s - j) 

(•l+-+ar, P )=l / = \ V J; 



V(" S + ^ flW _fe(ai+-+o r +p'a) [ \0% 

^ \ k ) P ^ Fq \[a 1 + ---+a r +p*z] 



r-l 

X 

k=0 

F 



k 



+ JfY x( a H ha r )(aiH V a r + p* z) q s+r 

'Q oi,...,o r =i 

(a 1 + --- + a r ,p) = l 

Now, by using Taylor expansion at s = r, we have 
(aiH ha r + p*z)~ s+r 

ft 

i=i 

log (ai + • ■ ■ + a r + p*z) 
= — (1 + {terms involving the powers of (— s + r)}) 

n(s-i) 

3=1 



so that 



(aH ha r +/z) s r log (aH ha r +p*x) 

lim 2 = 



s — >r 

3=1 



nc-i) (r - 1)! 



and 



_ (-l) fc .s(. S + l)...(,s-r + fc-l) 



nc«-j) 

3=1 



so that 



— f [(s _ j) (r-l)! * 

3=1 
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We therefore get 

L p. ] q ( r , Z , X) = l^Lpl ( S > Z > X) 

1 A , (a 1 + --- + a r +p*z)- s+r 



1 oi,...,a r =l J] ( s ~i) 



(a 1+ ... + a ,.,p) = l 



k=0 



3=1 

—s + r 1 



r-l / r_ \ fc 



V f _5 + r ^flW „fe(ai + -+a,.+p* Z ) ( V% 

^ \ l Pk 'i Fq I [a 1 + --- + a r +p*z} q 



"jH^Tpf X! ha r )(aiH V a r + p* z)~ s+r 

S ^ r ^ U ai,...,o r =l 

(a 1 + --- + a r ,p) = l 

( fc ^(r-)^ g fe(ai+-+a r +iQ*z) [ ^\ 



= {p}r (r z !)i Z! x(ai + --- + ar){-/3^ F log p ( ai + --- + a r +p*z}^ 



ai , . . .,a r =l 



k ' k 'i FH \[a 1 + --- + a r +p*z} n 

k—r \ y / 



the desired result. ■ 

Note that for r = 1, Theorem [9] reduces to Theorem 8 of Kim [25] . 



5 Congruences for Multiple Generalized (/-Bernoulli Poly- 
nomials 

Congruences related to classical and generalized Bernoulli numbers have found an amount of 
interest. One of the most celebrated examples is the Kummer congruences for classical Bernoulli 
numbers (cf. [32"]): 

p- l & c — E Zp, 
n 

where cSZ,c^l,c=0 (mod (p — 1)), and n E Z is positive, even and n ^ (mod (p — 1)). Here, 
A c is the forward difference operator which operates on a sequence {x n } by 

The powers A^ of A c are defined by A° ^identity and A k — A c o Aj _1 for positive integers k, so 
that 




More generally, it can be shown that 
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where k G Z, k ^ 1 and c and n are as above, but with n > k. 

Kummer congruences for generalized Bernoulli numbers B ntX was first regarded by Carlitz [SJ: 

For positive c G Z, c = (mod(p — 1)), n, fc G Z, n > fc ^ 1, and x such that f = f x P m > 
where m 6 Z, m ) 0, 

Here, Z p [x] denotes the ring of polynomials in x, whose coefficients are in Z p . 

Shiratani [35] applied the operator to — (l — Xn {p)p n ~ 1 ) B n ^ Xn /n for similar c and x, and 
showed that Carlitz 's congruence is still true without the restriction n > k, requiring only that 
n 1. He also established that the divisibility conditions on c can be removed, and proved 

( P T k A* (1 - Xn {p)p n ^) ^ G Z p [ X ] . 

As an extension of the Kummer congruence, Gunaratne [T3J 03] showed that the value 

p- k AUl- X n (P)P"- 1 )^, 



modulo pZ p , is independent of n and 

p- k A k c (1 - xn (P)p n - 1 ) ^ = P - k 'A k ' (l - xn' (P)p n '- X ) (modpZ p ) , 

if p > 3, c,n,k G Z are positive, x — <** j where h G Z, /i ^ 0(mod(p— 1)), u',fe' G Z, fc 
A:' (mod(p — 1)). Furthermore, by means of the binomial coefficient operator 

r; A 

it has been shown that for similar character x 




and this value, modulo pZ p , is independent of n. 

Fox [llj derived congruences similar to those above for the generalized Bernoulli polynomials 
without restrictions on the character x- in [20] > Kim gave a proof of Kummer- type congruence for 
the q-Bernoulli numbers of higher order. In [B], Cenkci and Kurt extended Fox's and Kim's results 
to generalized g-Bernoulli polynomials. For other versions of Kummer- type congruences related 
other numbers and polynomials we refer 0], [38] . 

In order to derive a collection of congruences, similar to the results above, relating to the 
multiple generalized g-Bernoulli polynomials, we utilize the following theorem and its immediate 
consequence, found in [7]: 

Theorem 10 For the character x of conductor f, let Fq = lcm(f,p*), F be a positive integer 
multiple of p(p*) 1 rF , r € Z, r ^ 1, z € C p , \z\ p ^ 1 and s£D, except s ^ 1, 2, . . . , r if x = 1- 
Then 

L^ q (s,z + rF,x)~L p r } q (s,z,x) 

Xr (oi + • • • + a r ) g«i+-+«r+p-« ( 0l + • • ■ + a r + p*«)-' 



N N 7 Ol-| ho r +p*z 

ai ,. . . ,a, - 1 

(a 1 + .- + a r ,p) = l 
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Corollary 11 Let F , r and s be as in Theorem ] 1 (A Then 
L^(s,rF, X )-L(;} q (s,x) 



p*F 

Xr(ai + --- + a r ) q ^+-+^ ( 0l + . . . + a r )~ s , 

ai ,. . .,a r — 1 

(oi +— +a r ,j>)=l 



where L { p) q (s, X ) = Lp}q (s, 0, x). 

We also incorporate the polynomial structure 

K (Z,q,x) = + {pn+r,1,Xn+r (P* Z ) ~ (?) Wg / 3 i+r,gP, X „ +r (F"V^)) 

and the set structure 

R* = [x e % P ■■ \x\ p < p- 1 ^^}. 

Throughout, we assume that q 6 Z p with |1 — q\ < p -1 /( p_1 ), so that q = 1 (modR*). 

Theorem 12 Lei n, c, k, r be positive integers and z G p(p*) 1 rFoR* . TTien </ie quantity 

(pT k KB r n (*, q, X) ~ (P*r k (0, q, x) £ iT M , 

anrf, modulo p* R* [x], is independent of n. 

Proof. Since A c is a linear operator, Corollary ITTI implies that 

A*LW(-n,rF, X )-A*LW(-»,x) 

= - E X,(«i + --- + a r ) < z Ql+ - +a -A^(a 1 + ... + a r ); 1 . 



ai ,...,a r — 1 
(Bi+--.+or,p)=l 



Thus 



A«B r n (rF,q, X )-A*B r n (0, q ,x) 

p*F 

= - E Xl -(ai + --- + a I .)g Ql+ - +ar A^(a 1 + .-- + ai .}; 1 . 



ai ,...,a r — 1 

(a 1 + .-.+o r ,p) = l 



Note that 



A* W + ••• + < = i^( k m ){-l) k - m (a l + --- + a r T q +mc 

m=0 ^ ' 

"I + l" a r)g ((ai H - l) ' 



Now, (ai + • • • + a r ) ? = 1 (modp* R*) for (ai + • • • + a r ,p) = 1, which implies that (a\ + •■■ + < 
1 (modp*R*), and thus A^ (a\ H h a r )™ = [mod (p*) k R*\ . Therefore 



A k B r n {rF, q, X ) - A k c B r n (0, q, x ) = (mod (p*) k R* [ X ]) 
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and so 

(p*y k A k B r n (rF, q, X ) - ( P T k A*i£ (0, q, X ) £ R* [x] ■ 
Also, since (ai + • • • + a r )g = 1 (modp*R*), the equation 

A*B;(rF,«,x)-A*l£ (0, g , x ) 

/(a 1+ -- + a^-lV 



J] Xr (ai + • • • + a r ) g«i+-+«r ( ai + ■ • • + a r )^ 



ai,...,o r =l \ / 

(aiH ha r ,p) = i 

implies that the value of (p*)~ k A k B r n (rF, q, x ) - (p*)~ k A k B r n (0, q, x), modulo p*R* [ X ], is inde- 
pendent of n. 

Let z G p{p*) tFqR*. Since the set of positive integers in p (p*) rF Q Z is dense m 
p(p*)~ rF n R* 7 there exists a sequence {zj} in p(p*)~ rF Z with Zj > for each j, such that 

— > z. Now, (2;, g, x) is a polynomial, which implies that B r n (zj,q, x) — * B r n { z -> 9; x)- There- 
fore, 

lim (A k c B r n ( Zj ,q, X ) ~ A k B r n (0, q, X )) = A k B r n [z, q, X ) - A k B r n (0, q, X ) ■ 
The left side of this equality is modulo (p*) k R* [x], which implies that 

A k B r n (z, q, X ) ~ A k B r n (0, q, x ) = (mod (p*) k R* [ X ]) , 

and so 

(p*)- k A k B r n (z, q, X ) (P*r k A k B r n (0, q, x) G R* [x] ■ 
Furthermore, for a positive integer n' 

.Urn { ((p*)" fc KB r n {Zj,q, X ) - (p*) - * A*Bj; (0, q, X )) 

- (V )- fc A*^, (z„ g, X ) - (p*y k A k c Bl, (0, g, X j) } 
= { ((p*)"* A k Bl (z, q, x) - (pT k A k c Bl (0, q, X )) 

- ((p*)- fe A k B r n , (z, q, x) - (p*V k A k B r n , (0, q, x)) } . 

Since zj G p(p*) 1 tFqL for all j, the quantity on the left must be modulo p*R* [ x ]. Therefore, 
the value (p*)~ k A k B^ (z, q, x) - (p*)~ k A k B r n (0, q, x), modulo p*R* [x], is independent of n. ■ 

Theorem 13 Letn, c, r, k, k' be positive integers, k = k' (mod(p — 1)) and let z G p (p* ) VFo-R*. 
Then 

(p*)- k A k B r n (z, q, x) (pT k A\Bl (0, q, X ) 

= ( P T k ' A k 'B r n (z, q, x) - ( P T k ' A k 'B r n (0, q, X ) (modpR* [ X ]) . 

Proof. Let k and k' be positive integers such that k = k! (mod (p — 1)). Without loss of generality, 
assume that k > k' . Then 



(V AX (rF, q, X ) (p*)'" A*^ (0, q, X )] 

- ((p*)"*' A c fe 's; (rF, q, X ) (p*)"*' A k ' B r n (0, q, x)) 
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J2 Xr (01 + ' ' ' + Or) (f 1 + -+ a " (Ol + • • • + a r ) n q 

ai,....a r — l 

(oi + ---+o r ,p)=i 

(ai H ha r )g-l\ / (ai H ha^-lA 

p* I \ p* J 

p*F 

Xr(a l + --- + a r )q ai+ - +a r { ai + --- + a r ) r q 

oi,...,a r =l 

(aiH |-a r ,p) = l 

^ / ( gl + ... + ar )°-i \ fc (/ (ai + --- + a r );-l \ fc ' fc 



If ai H h a r such that 



(01 H h a r )g -1^0 (modpp*R*) , 



then, since fc — k' = (mod (p — 1)), we have 

fc-fc' 



Thus 



(ai + • ■ • + «r)„ - 1 , 

— 13 J - l = (modpR*) . 



(p*y k KB r n (rF,q, X ) (p*r k A k c B r n (0,q, X ) 

— t^*\~k' \k' r>r t„T? _ ,A /„*\ — k' A fe' 



(p*p A* (rF,g,x) - (p*)"" A* i£ (0,g )X ) (morfpi?* [ X ]) . 

Now let z G p (p*) _1 rF R*. Then there exists a sequence {zj} in p (p*) _1 rF Z with Zj > for 
each j, such that — ► z. Consider 



.Um { ((p*)- fe A k c B r n ( Zj ,q, X ) - (p*) - * A c fe S; (0, g, X j) 

((pT k ' K'B r n {zi,q, X ) (FT'' K'K (0,«,x))} 
= { ((p*)- fe A^ (*, g, X ) - (p*y k A k c B r n (0, g, X )) 

- ((p*)- fe ' A*'^ (z, g, X ) - (pT*' A*'^ (0, g, x)) } • 

Since the left side of this equality must be modulo pR* [x], the proof follows. ■ 

The binomial coefficients operator (T) associated to an operator T is defined by writing the 
binomial coefficients 

OA X(X -!)■■■ (X -k + 1) 



k ) k\ 

for fc ^ as a polynomial in X, and replacing X by T. 

In the proof of next theorem, we need special numbers, namely the Stirling numbers of the first 
kind s (n, k), which are defined by means of the generating function 

k\ ^— ' n! 

n=0 

for k £ Z, fc > 0. Since there is no constant term in the expansion of log(l + 1), s (n, k) = for 
< n < fc. Also, s (n, n) = 1 for all n ^ 0. The numbers s (n, k) are integers and satisfy the 
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following relation related to binomial coefficients: 

For further information for Stirling numbers, we refer [8]. 



Theorem 14 Let n, c, k be positive integers and z £ p (p*) 1 FqR*. Then the quantity 

^ Ac ) B r n (z, q, X ) - Ac ) B: (0, q, X ) £ R* [ X ] , 

and, modulo p* R* [%], is independent of n. 

Proof. Since the binomial coefficients operator is a linear operator, Corollary 1111 implies that 

(pr ; Ac )^(-^x)-(^ ) ; Ac )4i(-n ) x) 

= - £ Xr(ai + -"+«r)g 0l+ - +a '-f (P * ) ,, lAc )(ai + --- + a^. 



Then 



ai , . . .,a r = 1 
(a 1 + --+a r ,p)=l 



ai,...,a r — 1 ^ 

(« I +-+a r ,p)=l 



By using (JTUJ), we can write 



CpT 1 a c 

k J {ai + --- + a r y q 

k 

lj2s(k, m )(pT m A™(a 1 + --- + a r/q 

' m=0 
1 * 

- £ s (fc, m) (p*) _m (oi H h a r )™ ((a x + 



Thus 



' 771=0 



p*F 

£ Xr(ai + -" + a r )ff OI+ "" + ° P 

ai ,. . . ,a r — l 



X 



((pT I ^ (oi+ ... +(v) ^(pr 1 (<« 1 ^- + <-i)^ 
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Since (p*) 1 y(a\ + • • • + a r ) q — lj e i?* for (a! + • • • + a r ,p) = 1, we see that 

, ^ > n /(pT 1 ((«i + - + <-i)\ p . 

(oi + • • • + a r ) q I v fc / I ei? . 

This then implies 

Furthermore, since (a\ + ■ ■ ■ + a r )' q = 1 (modp* R*), the value of this quantity, modulo p*R* [%], is 
independent of n. 

Now let z G p (p*)^ 1 rF R*, and let {z^} be a sequence in p (p*) 1 rF Z, with Zj > for each 
j, such that Zj — > z. Then 

ft (^)«<***>-( w r *•)«<<>.«.*> 

must be in i?* [%]. Now let n' 6 Z, n' > 0, and consider 

^{( <p " r 4 lAt ) B ;fe«)-( (p " r t lAt ) B ;< o -«) 

-( M ;>..fe«)-f , ;>,(»,« ) j 

-( (p * ) "; a jB : , (2 , M )-(^)-; a ^;,(o, 9 ,x)}. 

The quantity on the left must be modulo p*R* [x], which implies that the value of 

( fc ]S;(z,g,x)-( fc \B r n (0,q,x), 
modulo p*R* [x], is independent of n. ■ 

References 

[1] T. M. Apostol, Introduction to Analytic Number Theory, Undergraduate Texts in Mathemat- 
ics, Springer- Verlag, New York, 1985. 

[2] L. Carlitz, g-Bernoulli numbers and polynomials, Duke Math. J. 15 (1948) 987-1000. 

[3] L. Carlitz, Arithmetic properties of generalized Bernoulli numbers, J. Rcinc Angcw. Math. 
202 (1959) 174-182. 



19 



[4] M. Cenkci, M. Can, V. Kurt, p-adic interpolation functions and Kummer-type congruences 
for q- twisted and generalized q- twisted Euler numbers, Advan. Stud. Contemp. Math. Vol. 9 
No. 2 (2004) 203-216. 

[5] M. Cenkci, M. Can, Some results on g-analogue of the Lerch zeta function, Advan. Stud. 
Contemp. Math. Vol. 12 No. 2 (2006) 213-223. 

[6] M. Cenkci, V. Kurt, Congruences for generalized ^-Bernoulli polynomials, submitted. 

[7] M. Cenkci, Y. Simsek, V. Kurt, Multiple two variable p-adic g-L-function and the behaviour 
of its at s = 0, submitted. 

[8] L. Comtet, Advanced Combinatorics. The Art of Finite and Infinite Expansions, revised and 
enlarged edition, D. Riedel Publishing Co., Dordrecht, 1974. 

[9] J. Diamond, The p-adic log gamma function and p-adic Euler constants, Trans. Amer. Math. 
Soc. 233 (1977) 321-337. 

[10] B. Ferrero, R. Greenberg, On the behaviour of p-adic L-functions at s = 0, Invent. Math. 50 
(1978) 91-102. 

11] G. J. Fox, A p-adic L-function of two variables, L'Enseign. Math. 46 (2000) 225-278. 

12] G. J. Fox, A method of Washington applied to the derivation of a two-varible p-adic L-function 
Pacific J. Math. Vol. 209 No. 1 (2003) 31-40. 

13] H. S. Gunaratne, A new generalization of the Kummer congruences, in: Computational Al- 
gebra and Number Theory, Mathematics and its Applications, Vol. 325, pp. 255-265, Kluwer 
Academics Publishers, Dordrecht, 1995. 

14] H. S. Gunaratne, Periodicity of Kummer congruences, CMS Conf. Proc. 15, pp. 209-214, 
Amer. Math. Soc, Providence, RI, 1995. 

15] K. Iwasawa, Lectures on p-adic L-Functions, Ann. Math. Studies 74 Princeton University 
Press, Princeton, 1972. 

16] L. Jang, T. Kim, D.-W. Park, Kummer congruence for the Bernoulli numbers of higher order, 
Appl. Math. Comput. 151 (2004) 589-593. 

17] T. Kim, Sums of powers of ^-Bernoulli numbers, Arch. Math. 76 (2001) 190-195. 

18] T. Kim, On p-adic g-L-functions and sums of powers, Discrete Math. 252 (2002) 179-187. 

19] T. Kim, g-Volkcnborn integration, Russ. J. Math Phys. 9 (2002) 288-299. 

20] T. Kim, Some formulae for the g-Bernoulli and Euler polynomials of higher order, J. Math. 
Anal. Appl. 273 (2002) 236-242. 

21] T. Kim, Non- Archimedean g-integrals associated with multiple Changhee (/-Bernoulli polyno- 
mials, Russ. J. Math. Phys. 10 (2003) 91-98. 

22] T. Kim, On Euler-Barnes multiple zeta functions, Russ. J. Math. Phys. 10 (2003) 261-267. 

23] T. Kim, Sums of powers of consequtive g-integers, Advan. Stud. Contemp. Math. 9 (2004) 
15-18. 

[24] T. Kim, Analytic continuation of multiple g-zeta functions and their values at negative inte- 
gers, Russ. J. Math. Phys. Vol. 11 No.l (2004) 71-76. 



20 



[25] T. Kim, Power series and asymptotic series associated with the g-analog of the two variable 
p-adic L-function, Russ. J. Math. Phys. Vol. 12 No.2 (2005) 186-196. 

[26] T. Kim, A new approach to p-adic g- L-function, Advan. Stud. Contemp. Math. Vol. 12 No. 1 
(2006) 61-72. 

[27] T. Kim, Multiple p-adic L-function, Russ. J. Math. Phys. Vol. 13 No.2 (2006) 151-157. 

[28] T. Kim, J.-S. Cho, A note on multiple Dirichlct's q- L-function, Advan. Stud. Contemp. Math. 
Vol. 11 No. 1 (2005) 57-60. 

[29] N. Koblitz, A new proof of certain formulas for p-adic L-functions, Duke Math. J. Vol. 46 No. 
2 (1979) 455-468. 

[30] N. Koblitz, p-adic Analysis: A Sort Course on Recent Work, London Math. Soc. Lecture Notes 
Ser., Vol. 46, 1980. 

[31] T. Kubota, H.-W. Leopoldt, Eine p-adische theorie der zetawerte I, einfuhrung der p-adischen 
Dirichletschen L-funktionen, J. Reine Angew. Math. 214/215 (1964) 328-339. 

[32] C. A. Nelson, M. G. Gartley, On the zeros of the g-analogue of exponential function, J. Phys. 
A: Math. Gen. 24 (1994) 3857-3881. 

[33] C. A. Nelson, M. G. Gartley, On the two g-analogues of logarithmic functions: ln g (w), 
ln(ln 9 (w)), J. Phys. A: Math. Gen. 27 (1996) 8099-8115. 

[34] N. Nor hind, Vorlesungen Uber Differenzenrechnung, Chelsea, New York, 1954. 

[35] K. Shiratani, Kummer's congruence for generalized Bernoulli numbers and its application, 
Mem. Fac. Sci. Kyushu Univ. Ser. A 26 (1972) 119-138. 

[36] K. Shiratani, S. Yamamato, On a p-adic interpolation function for the Euler numbers and its 
derivative, Mem. Fac. Sci. Kyushu Univ. 39 (1985) 113-125. 

[37] Y. Simsek, The behavior of the twisted p-adic (h, g)-L-functions at s = 0, J. Korean Math. 
Soc, in press. 

[38] Y. Simsek, T. Kim, D. W. Park, Y. S. Ro, L. C. Jang, S.-H. Rim, An explicit formula for the 
multiple Frobenius-Eulcr numbers and polynomials, JP Jour. Algebra, Number Theory and 
Appl. Vol. 4 No. 3 (2004) 519-529. 

[39] Y. Simsek, D. Kim, S.-H. Rim, On the two variable g-L-series, Advan. Stud. Contemp. Math. 
Vol. 10 No. 2 (2005) 131-142. 

[40] H. M. Srivastava, T. Kim, Y. Simsek, g-Bernoulli numbers and polynomials associated with 
multiple q-zeta functions and basic L-series, Russ. J. Math. Phys. Vol. 12 No. 2 (2005) 241-268. 

[41] L. C. Washington, A note on p-adic L-functions, J. Number Theory 8 (1976) 245-250. 

[42] L. C. Washington, Introduction to Cyclotomic Fields, Second edition, Springer- Verlag, New 
York, 1997. 

[43] P. T. Young, On the behavior of some two-variable p-adic L-function, J. Number Theory 98 
(2003) 67-86. 



21 



